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1. Introduction

In recent papers some of us presented calculations of the QCD B-function, (s, and the
fermion mass anomalous dimension (or mass [-function), 7, through three loops [[l] and
four loops [f] using the DRED (or DR) scheme, which is based on regularisation by dimen-
sional reduction [, f]]. An interesting feature of these calculations is the dependence of 3
on the evanescent couplings: e-scalar interactions that do not renormalise like the gauge
coupling. At three loops s depends on the e-scalar Yukawa coupling, and at four loops
it also depends on the e-scalar quartic interaction. The first explicit calculations of the
one loop corrections to this quartic interaction appeared in ref. [{ (for a particular SU(2)
model), and in ref. [J] (for QCD). Here we generalise the calculation to SU(N), SO(N) and
Sp(N). This involves some quite interesting and (relatively) little known group theory. We
also similarly generalise the result from ref. [ff] for the e-scalar Yukawa coupling.



Of course it is the SU(3) case described in the previous papers which is most obviously
currently useful, but the general result is also of interest, for possible future applications to
other symmetry groups, and if only as a further test of the validity of the DRED procedure.
Our confidence in this is reinforced by once again comparing our results for the special case
of supersymmetry (when there is a single fermion multiplet in the adjoint representation).
The result for 3; for a renormalisable N' = 1 supersymmetric theory was given through
four loops in ref. [, the derivation being based on the completion of a construction of the
coupling constant redefinition connecting the DRED scheme to the NSVZ scheme developed
in ref. [[f]. Here we not only verify this result through four loops (in the special case of
a theory with no superpotential) but also we verify the result for the gaugino S-function
through the same order. This is of interest because of course the gaugino mass breaks
supersymmetry, and the issues of regularisation and renormalisation of softly-broken su-
persymmetric theories present additional subtleties. The exact formula for the gaugino
B-function (expressing it in terms of 3;), as first derived in ref. [§] (inspired by an observa-
tion by Hisano and Shifman in ref. [f]) relied heavily on the spurion formalism, as developed
in particular by Yamada [[[(]; it is reassuring to find that the relationship between the two
B-functions indeed holds in an explicit DRED calculation.

In section [ we review the renormalisation procedure for a gauge theory using DRED;
then in section [| we describe the one loop renormalisation of the e-scalar self-interaction.
We first give results for the SU(V) case, explaining how to reduce to the special cases
N =2 and N = 3. We then generalise to expressions valid for an arbitrary group.

In section § we give the full four-loop results for 85 and ~,, for the general case, and
in section f| we reduce to the special case of supersymmetry for comparison with earlier
results, as described above. Finally in the appendices we explain some of the group theory
involved in the calculations and give explicit results for SO(N) and Sp(V) for the one-loop
e-scalar quartic interaction G-functions.

2. Gauge theory with fermions

Consider a non-abelian gauge theory with gauge fields W and a multiplet of two-
component fermions 4 () transforming according to a representation R of the gauge
group G.

The Lagrangian density (in terms of bare fields) is

1 1 _ :
Lp= —ZG;‘;V - %(8“14/“)2 + CHOM DI CP + ith 47V (D) pbf (2.1)
where
Gy = 0 W = 0, Wi + gf W Wy (2.2)
and
(D) p = 680, — ig(R*) s W} (2.3)

and the usual covariant gauge fixing and ghost (C,C*) terms have been introduced. As
usual # = (I, —o) where o are the Pauli matrices.



For the case when the theory admits a gauge invariant fermion mass term we will have

Lp — Lp + L, where

1
Ly = §mABwO‘A1/J§ +c.c. (2.4)

Dimensional reduction amounts to imposing that all field variables depend only on a
subset of the total number of space-time dimensions; in this case d out of 4 where d = 4—2e.
We can then make the decomposition

W) ={Wi(a’), W5 (z?)} (2.5)
where
i=8;=d and  §,, = 2e. (2.6)
It is then easy to show that
Lp=L%+ LS (2.7)
where . .
zgz—jﬁ—ijymf+wymc+@ﬁmw (2.8)
and . )
Ly = 5(DiWo)? = gUige R YWy — 2" [ W Wo WIWs,. (29)

Conventional dimensional regularisation (DREG) amounts to using eq. (R-§) and discarding

eq. (2.9).
We would now like to rewrite eq. (R.§) and eq. (R.9) in terms of renormalised quantities.
It is clear, however, from the dimensionally reduced form of the gauge transformations:

SWE = gAY + gfreWPAC (2.10a)
SWE = gfrewlae (2.10b)
oyt = ig(R)A pypP A® (2.10c)

that each term in eq. (R.9) is separately invariant under gauge transformations. The W,-
fields behave exactly like scalar fields, and are hence known as e-scalars. There is therefore
no reason to expect the 11)W, vertex to renormalise in the same way as the W, vertex
(except in the case of supersymmetric theories). In the case of the quartic e-scalar inter-
action it is evident that more than one such coupling is permitted by eq. (2.104). In other
words, we cannot in general expect the f — f tensor structure present in eq. (.9) to be
preserved under renormalisation. This is clear from the abelian case, where there is no
quartic interaction in L% but there is a divergent graph at one loop from a fermion loop.

We are therefore led to consider the following expressions! for renormalised quantities

1Since e-scalars are present only on internal lines we could, in fact, choose the wave function renormal-
isation of W, and W, to be the same; or, indeed, have no wave function renormalisation for W, at all.
The crucial thing is correct treatment of sub-graphs, which means recognition that vertices with e-scalars
renormalise in a different way from their gauge counterparts. However, we choose to renormalise the e-scalar
conventionally.



L% and L°:
1 1 .
Ld:——ZWW . ATVN2 T (ATTA\2
12D - W) — (W)
1 o

_ZWWngabcainquzWCJ _ ZZ4W92fabcjctzcleI/I/'ibw/vjcvvclz W
—|—ZCCB’C*8,C + ZCCngabcaiCa*Wich
+ 25 Opp + ZVV g ROGHpWE (2.11)

and

1 )
I = §Z€€(8¢W0)2 + ZengfabcainszW(g
+Z€5WW92 fabCfadeWibW(:WdiW; _ waageERaEOng

1 p
= > ZENHPWEWEWIW. (2.12)
r=1

In the case when we have a fermion mass term we would also have
1
L= §ZmZme“wa + c.c. (2.13)

Eq. (R.11)) is the usual expression for the Lagrangian in terms of renormalised param-
eters. In eq. (2.1%) we have introduced a “Yukawa” coupling g. and a set of p quartic
couplings .. (Strictly speaking, eq. (R.19) should also have a mass term for the e-scalars;
but since this mass term does not affect (5 or 7, we omit it here.) The number p is
given by the number of independent rank four tensors H®°? which are non-vanishing when
symmetrised with respect to (ab) and (cd) interchange. In the next section we discuss the
quartic vertex and its renormalisation in more detail.

3. The e-scalar self coupling

Let us discuss the structure of the quartic e-scalar couplings for an arbitrary gauge group.
These interactions are invariant under the symmetry G ® O(2¢), where only the G is gauged.
The renormalisation properties of scalar theories with invariances of the type G; ® G2 have
been studied in considerable detail, for example O(m) ® O(n) in the theory of critical
phenomena and U(m) ® U(n) in the context of QCD. In these cases, however, the scalars
transform as vector (fundamental) representations of the gauge group factors whereas for
us they transform as adjoints.

This raises an interesting group theory question: how many independent couplings are
there for a given gauge group G7 Evidently the question of how many independent tensors of
the form K¢ there are is the question of how many times the singlet representation occurs
in the reduction to irreducible representations of the product of four adjoint representations.
(Neither this question, nor the obvious generalisation to n-tensors K% % has been much
studied in the literature; an exception being the classic work of Cvitanovic [[LT]], to which

we will return presently). The set of tensors relevant to our problem is the subset of such



U W N3
W = =
ot
O N =
O N =
O N =

Table 1: Basis dimensionality for n-tensors in SU(NV).

tensors H®°? which is invariant with respect to (a,b) and (c,d) exchange, because of the
O(2¢) invariance.
If we have an irreducible basis of dimensionality (n) for the n-tensors of the form

Kammo 1< a<~(n) (3.1)
then a general n-tensor K% can be expressed in terms of the basis as
KMon = xﬁKgl'"a”, (3.2)
where xg are determined by the equation
Qs = o = Ko Ko (33

and
Zﬁ = Kgl“'a”Kgl"'a". (3.4)

Thus construction of the Q"-matrix permits reduction of an arbitrary n-tensor to the basis.
3.1 The case G = SU(N)
The fundamental representation 7% of the generators R* of SU(IV) satisfies
{Ta Tb] _ Z'fabcTc
b
Ta Tb} — dabcTc _5ab
{r "N

b

Tr (7°7%) = 50, (3.5)

where b is a constant. For the rest of this section we will adopt the usual convention
whereby b = 1.

In table ] we present some results for the dimensionality v(n) for SU(N) as a function

of N. It is interesting that Cvitanovic [[[] remarks that a formula for the dimensionality

of a basis (in general over-complete) is provided by the subfactorial 5(n) where

ﬁ(n):n!<1—%—|—%—|—...(—1)”1>. (3.6)

n!

It appears that for sufficiently large N we have v(n) = 8(n).



A natural choice for the basis for the case n = 4 when N > 4 is given by?

Kl — 5ab 5cd K4 — dabe dcde K7 — dabe fcde
KQ — §ac 5bd KS — Jace dbde KS — Jace fbde
Kg — 5ad5bc KG — dadedbde Kg — dadEfbce‘ (37)

The reduction of the basis to v = 8 in the case SU(3) is achieved via the relation [[3, i3]
1

Ky + K5+ Kg = §(K1+K2+K3) (38)

which is not valid for N > 4. The corresponding identity for general N reduces a sym-

metrised (N +1)-tensor consisting of N — 1 d-tensors; for an elegant derivation see ref. [L4].

For the e-scalar interactions a possible basis for N > 4 is therefore

1

Hl - §K1
1
Hy = §(K2 + K3)
1
H3 — §K4
1
Hy = (K5 + Ke). (3.9)

Note that the absence of a d — f type term from the basis follows from the identity
Kg + Ko = — fabeqede, (3.10)
Let us introduce the couplings

2 A
aS:g—, ae:j—; and ur:ﬁ, (3.11)

and define the corresponding 3 functions for the u, couplings

d u
2 T
=u—s—. 3.12
ﬁur n dILLQ T ( )
If we write (with the normalisation of eq. (R.19))
4
AHEP " Anu, H, (3.13)

r=1

2An alternative way to define a basis which has the virtue of being immediately generalisable to
any group [ﬂ] is in terms of traces of products of the generators in the defining representation, thus
Tr (T°T°T°T?), Tr (T°T°) Tr (T°T?) etc.



then the S-functions for the w, couplings are given at one loop by?

4(N?%—4)
N

2(N?—4)
N

1
Bu, = 8u%—|—4N2u1u2+12u§ + {U1U3—|—U1U4—|—2UQU4+ N(u%—{—Qu;;m—{—?;ui)}

1
Buy = 12uqug + (2N? + 6)ud + {2uzu;>, + 2ugug + N(u% + Gugug + 3ui)}

1
Bus = 12urus + dugug + 16ugus + — {(3N? — 40)u3 + 6(N? — 12)uguq + (TN? — 96)uj }

1
Buy = 12urus + Suguz + 12ugus + — {4(N? — 14)u] + 4(N* — 18)uguq — Su3} (3.14)

where for the moment we suppress contributions from the gauge coupling o, and e-scalar
Yukawa coupling .

Because of the nature of the bare theory, and to explore more easily the supersymmetric
case, it is natural to consider alternative bases, for example:

Fl = H;

Hy = Hy

— 1

Hg _ §(face]cbde + fadefbce)

— 1

H4 _ §(faeffbfgfcghfdhe + faeffbfgfdghfche). (315)

We shall also see that it is this kind of basis (avoiding use of the d-tensor) that generalises
most easily to other groups.

We have
— 4 2
= —H{— —Hy+2H3— H
3 NI TN 2+ 23 4
_ N
4 = 2H; —|—H2—|—EH3, (316)

so that if we write

4 4
> wH =Y vH, (3.17)
r=1 r=1

then
V1 = U1 — N(u:g +U4)
2 6
Vo = U2 — NU;J, — NU4
V3 = —Uyg
= 2 (3.18)
Vg4 = NU3 NU4. .

3Here and for the rest of this section we suppress a factor of 1/87% in every one-loop S-function.



The (-functions for the v, couplings are given at one loop by

Bv, = 82}% + AN%v09 + 122}% —4Nwvjvsg + 6N2vvg + 8Nwvovg

+ 8Nwvsvg + 8N2vovy + 1ON202 — 12Nvj oy
Bv, = 120109 + (2N2 + 6)2}% — AN wvyvs + 6N?vovy — 4Nwvgvy + 3N21)§ — 12N vy
Bog = 4N1}§ + 12v1v3 — dv9v3 — 4Nvovg + (2N2 + 8)vzvy — QNUE — 12Nv3a

3
By, = (5 N? + 16> v3 + 120104 + 20v9v4 — 205 — 2Nwgvy — 12Nvgas + 602 (3.19)

where we have now included the gauge coupling contribution (note that the a? terms
contribute only to f,,).
Another choice of basis (in fact the one employed in ref. []) is

Hl — 6ac5bd +5ad6bc +5ab5cd

ﬁg _ %(5a05bd + 5ad5b0) o 5ab50d
ﬁ?) = Ffﬂ
Hy=H, (3.20)

so that
gl = 2(?1 + ﬁg)
Hy = Hy — 2H, (3.21)
and if we write
4 4 )
> v Hy =Y wH, (3.22)
r=1 r=1
then

1
w, = 6(?}1 + 2?)2)
1

wy = g(—m + v2)
w3 = U3
Wy = V4. (3.23)
In this basis the S-functions become
1
B, = g[(112 + 16N?)w? + (4N? — 8)wywy — 4Nwiwsz + 26N wyw,

—(2N? — 4)w3 + 4Nwow3 + 4N?wowy + SN?wi] — 12Nw; o
Buy = =[~8(N? + 1)w? + 16(N? 4+ 1)wjwy — 16Nwywz — 16 N*wjwy
+(10N? — 62)w? — 20Nwows + 10N2wowy — 12Nwswy — TN?*w?] — 12Nwsyas
Bus = 16wiws — 8Nwjws — 28wrws — AN wowy + 4Nw§
+(2N? 4 8)wzwy — 2Nw? — 12N wsag

3
B, = 6dwiwy — dwawy — 2w — 2Nwzwy + <§N2 + 16> w) — 12Nwyas + 602, (3.24)



For the rest of the paper we will use the v-basis; as already remarked the use of ﬁ374 means
the generalisation to other groups can be carried out easily.

3.1.1 The fermion contribution

The contribution of the fermion loop to the scalar anomalous dimension results in a con-
tribution of

ABy, = 8npla(R)oeu; (3.25)
to each [-function in eq. (B.14)), with corresponding contributions to eq. (B.19) and
eq. (B-29).

In eq. (B.2]) and subsequently we follow the following convention: our fermion repre-
sentation consists of ny sets of Dirac fermions or 2ny sets of two-component fermions, in
irreducible representations with identical Casimirs; and the whole representation must of
course be anomaly free. We will pay particular attention to the case of an adjoint represen-
tation with ny = %, which is supersymmetric, and to the case of ny flavours, that is ns sets
of fundamental two component fermions with ny sets of anti-fundamental two component
fermions, which is QCD. For the definition of I5(R) and more details on group theoretic
considerations see appendix [A].

The 1PI fermion box diagram makes a contribution to the S-functions (appropriately
normalised) of the form

H;ABy, = —4npa?[Te(R*RPR°RY) + Tr(R*R°RR°) + Tr(R“RR°R")
+ Tr(R°R°RR’) — Tr(R*R?R'R°) — Tr(R"R°R"R%)]. (3.26)
For a general representation this is not easily expressed in terms of one of our choice of
bases. In the special case of an adjoint representation (with n; = %), we find that
H;ABy, = o2(—2NH3 — 4H,) (3.27)
so that the complete set of J-functions for the case of an SU(N) gauge theory with an
adjoint fermion multiplet is:
Bo, = 8@% + 4N2%vv9 + 12@% — 4Nvjvg + 6N?v104 + 8Nwvgus
+8Nwvsvg + 8N2v2v4 + 10N2vi — 12Nvias + 4Nviae
By, = 120109 + (2N2 + 6)2}% — AN wvyvs + 6 N0y
—4Nwgvg + 3N%03 — 12Nvsas + AN voae
Bus = 4Nv§ + 120 v3 — 4dvovg — 4Nwvgvy + (2]\72 + 8)vzvy
—2Nv] — 12Nvga, + 4Nvzoe — 2N o2

3
Bo, = <§N2 + 16> v3 + 120104 + 200904 — 203
—2Nwvgvy — 12Nvgas + 60@ + 4Nvgore — 4(13. (3.28)

If we now set v1 = v9 = v4 = 0 and v3 = a, = a; the theory becomes supersymmetric; and
substituting these values in eq. (B.2§) we indeed find 3,, = By, = By, = 0 and

6N
ﬁv3 = —WQE, (329)



(restoring the 872 factor) which is identical to the one-loop gauge S-function 3¢ in the
supersymmetric case.

Let us consider now the special case of SU(3). In SU(3), (Hy, Ho, H3) form a basis;
however if we set v4 = 0 in eq. (B.2§) then we nevertheless have

Bu, = =203 + 602 — 4a?. (3.30)

L= —
This represents a set of contributions to 3,, , , which we can identify by using the identity
_ 3 — = 1—
H4:§(H1—|—H2)+§H3. (3.31)

Incorporating these contributions into eq. (B.2§) we thus find for SU(3)

B, 8@% + 36vqv9 + 12@% — 12v1v3 4+ 24v9v3 — 36v10s + 12010, — 3v§ + 9043 — 6043
By, = 120109 + 242}% — 12v9v3 — 36v9rs + 12000, — 3v§ + 90@ — 60%
Bus = 11v§ + 12v1v3 — 4dvoug — 36vzas + 120300 + 304? — 8043. (3.32)

It is easy to check that this set still reduces correctly in the supersymmetric limit.

For the special case of SU(2), the basis is two dimensional and we have the identities
2H, — Hy— H3 =0
2F1 + Fg — F4 = 0. (333)
If we choose the basis (H1, H2) then we find

By, = 8% 4 160109 + 1203 — 24vias + Sviae — 1602 + 1202
B, = 120109 + 1403 — 24vs0rs + Svoar, + 602, (3.34)

Alternatively we could choose the basis (H3, H4) when we find

Buy = 8v§ + 24v3v4 — 24v305 + V30 — 4(13
Buy = 3803 — 203 — 4y — 24vas + 602 + Svga. — 4a’. (3.35)

With this basis the supersymmetric limit is again apparent; setting v4 = 0 and v3 = a, = a;
we obtain 3,, = 0 and B,, = —12a? as expected.
For the fundamental representation of SU(NN) we find

1
4N

1
8

7

Tr(R*R°R°RY) 2

(K1 — Ko + K] + 2 [Ky — K5 + Kg] + ¢ [K7 + Ks + Ko|  (3.36)

and hence for the case of 2n sets of fermions in the fundamental representation of SU(XV)
(corresponding to QCD with ny flavours),

_ 2 __ _ _ _
H;ABy, = 2nsa2 N(Hl +Hy — Hy) — H3 (3.37)

,10,



so that the complete set of S-functions for this case is:

By, = 81)% + AN 0109 + 121)% —4Nwvvs + 6N2vivg + 8Nwvovs
f 2

+8Nwvsvg + 8N2vouy + 1ON21)2 — 12Nvias + 4npviae + 4%046
Buy = 120109 + (2N2 + 6)1)% — 4Nvyv3 + 6N2v9vy

—4Nwvgvyg + 3N2v2 — 12Nvsas + 4nfvoae + 4%
By = 4NU§ + 12v1v3 — 4vgvg — 4N vovy + (2]\72 + 8)vzvy

—2Nv§ — 12Nwvsa, + 4njpvzoe — 2nfozg

2
Qe

3
By = <§N2 + 16> vi + 12vq1v4 + 200904 — 2v§

—2Nvgvs — 12Nvga, + 602 + dnvsa, — 4%042. (3.38)
It is straightforward to incorporate the fermion contributions in our other choices of bases
involving u; or w;.

Turning again to the special case of SU(3), and setting vy = 0 in eq. (B.3§) we have
Buy = —202 + 602 — 4%043 (3.39)

and incorporating these contributions into eq. (B.3§) we thus find for SU(3):

Bo, = 81)% + 36v1v2 + 121)% — 12v1v3 + 24v9v3 — 36v10s + AN v — 3v§ + 90[? — 2%&2

Bvy, = 120109 + 241)% — 12v9v3 — 36v2ars + 4n pvo0re — 3v§ + 90[? — 2n—;a2
Bus = 11v§ + 12v1v3 — 4vovg — 36v30rs + 4npugae + 3a% — 8%0@. (3.40)

The special case of SU(2) in the fundamental fermion case we leave as an exercise for the
reader.

3.2 The general case

In this subsection we give the results for 3, for a general gauge group. The various
group invariants are defined in appendix [A], where results for them for the fundamental
representations of SU(N), SO(N) and Sp(V) also appear.

We have derived these results both by substituting in the general expressions that
follow and by direct calculations with each class of group in the manner described in the

previous section.

We find

8, — —32m 5C3Da(RA) + (Cq — 6CR)D2(A)I2(R)
” I 95CAN, — 12D5(A)(2 + Ny)

192Dy (A) — 80C4 N4

QCANA(NA -3)

ag — 12C 4010

+81(R)njvic, + 8vF + 1203 —
4 {7—121)2(,4) +5C4Na

TN, Na—3
04 72D5(A)? — 90C3D3(A)N4 + 25CjD2(A)NA} 5
— v,
25C4 N4 — 12D5(A) (2 + Na) 4

+v1[4(1 + Ng)ve — 4C qv3 + 601242}4] + v2(8C 4 v3 + 801242}4)

— 11 —



502 D2(RA) + (Ca — 6CR)Do(A)Ir(R)
95CINs — 12D5(A)(2+ Na)  ©
—12Cqvoas + 813 (R)n pvaae + 120102 + 2(4 + NA)vg
96D3(A) — 40C4 N 2 12D9(A) — 5C4 N4
9CANA(N4 —3) o™ 27NA{ (N —3)
72D5(A)? — 90C3 D3(A)N4 + 25C3 Do(A)NaY 5
25CT N, — 12D5(A)(2 + Na) }”4
+v9(—4C 43 + 66’%1}4)
4nf

= 4I2(R)Na — 10C5 CrI2(R)N.
B 25chA—12D2(A)(2+NA){35CA 2(R)N4 — 10C3Cply(R)Na

404D (RA)(2 + Na) — 16D5(A)[(R)(2 + NA)}ag

ﬁm = —32nf

—48

—12Cqv3a5 + 812 (R)n pvzae + 120 v3 + 4CAU§
+248D2(A)(—1 + N4) + C4NA(—61 + TNy4)
QC%NA(NA -3)
4
27CA(NA — 3)NA [25C§1NA — 12D2(A)(2 + NA)]
{144D2(A)2(2 + NA)(1+ 2N,
+1204 Do (A)NA[—191 + (=56 + Na)N 4]
+CNA[=216D5(4)(~3 + Na)(2 + Na) + 25C5 Na(23 + AN4)] } o3
—V9 (4?}3 + 40,41)4)
5C%(Ca —6CR)Io(R)Na + 12D (RA)(2 + NA)az
250;11]\7,4 — 12D2(A)(2 + NA) ¢
—2v5 — 12C 4v405 + 812 (R)n pvgcre + 120104 + 200204 — 2C 40304

_ 1152D3(A)(2 + Na) — 5C3[125C N4 + 4D (A)(98 + Na)] 2
6[25C4 Na — 12D2(A)(2 + Na)] v

V3V4

Bo, = 604? +8ny

(3.41)

The forms taken by C4 g, I2(R) and the various invariants Dy(A) etc for SU(N), SO(N)
and Sp(N) are given in tables PHAl in the appendix. Using table [, it is easy to show that
the results in eq. (B.41]) reduce to the results in eq. (B.3§) for the case of SU(N).

4. The general four-loop results

The renormalisation constants for the various couplings are defined through

95 = 1°Zsgs 9¢ = 1 Zege, V) = 2o 0
0 0 0 _ 74
0 = V75l | L5, = 2" Ty, el =2z, (4.1)

where F@ e and I'.... are the one-particle irreducible e-scalar—fermion and four-e-scalar
Green functions, respectively, the superscript “0” denotes bare quantities, and pu is the
renormalisation scale. The renormalisation constants associated with the various couplings
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satisfy the following relations

A AZS /74
Zy= —————— Zp= ——— Zy, = r_ . (4.2)
g\ ZWW VAZNEAT Jee

with renormalisation constants as defined in eq. (B-11]) and eq. (2.12).

Let us define the 8 functions for the corresponding couplings in the DR scheme:

9 d o
a2
w2

Qg Qg PYARE (9ZDR as OZPRY
= —|le—=+2— 2 42— 75
[eﬂ e ( 2 ﬁ)] ( e )

s () (2@ @) w

R (i
S () (P @

7.7 k7l7m n

AR (g, e, {vr}) =

i,5,k,l,mmn
Belons e, o)) = 22
€ S € T /’[/ d,Uz T

2 d ur

ﬂvr(a&aea{vr}) M dM -

o Uy Uy 82)\7‘ DR aZ)\r aZ)\r
= — E_+2Z)\T 8015 s Be"’Z ﬂv/

Up 82)\ -
142 o
< + Z)\T 8?}r )

N OO CICRONE

Z7]7k7l7m7n

Here and in the following we do not explicitly display the dependence on the renormalisation
scale p, i.e., oy = as(p) ete. Note that in the second line of eq. ([£J), the O(e) terms of G,
and (3,, contribute to the finite part of 6?71)‘, and similarly for egs. (.4) and (f.5). As we
will see below, in order to compute the four-loop term of ﬁﬁ one needs (. to two loops
and f,, (r=1,---4) to one loop.

For the cases when the fermion representation allows a mass term we introduce the
fermion mass anomalous dimension, which is defined through

pr_ 1 d 5R

m =SR2
= — ﬁDRalniR_ﬂ_BeaanDR Zﬁvrmgii’?{
IEEEEE R
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From this equation one can see that for the four-loop term of vPR. the beta functions 3.
and (3,, are needed to three loops and one loop, respectively, since the dependence of Zn'?
on o, (v,) starts at one loop (three loops) [[l. The general result for the two-loop order
Be is known [fl] and for the three-loop order contributions we find (generalising the QCD
results from ref. [ff], using a similar calculational setup to the one applied in [fl, f], which
relies on the computer programs QGRAF [[LF], q2e, exp [Ld, [[7] and MINCER [[L§]):

1

Biaa000 = 55 [~6(R)Nang — 12NACR + 6N4Ca — 10Ck +35C4 + 151(R)ny]
Bo1o0030 = —%Ci

Boa0100 = —3%[031 +612(R)Crny — 10CACR + 2Cals(R)ns + 16CE]

Bozo200 = —%[25]\@&0{4 — 3I(R)Nans — 30NACRr — 5C4 — 3312(R)nys + 118CR|
Bo21010 = %[—2712(3)% +53C4 — 30CR]Ca

Frono = ~ o o PO ()N + 128D (RA)

Blioin = —é_chx

Ba11000 = —;TE; A

Bo12100 = %(NA -1

Bio1100 = %[3NACA + 151(R)Nanys + 6NsCr — 9C4 + 3I5(R)ns — 50Ck]
Firooos = g (90D2(4) — TCANAIC

Biao110 = %[35014 + 2715 (R)ny — 18CR]Ca

Blio200 = 6—14(NA —9)Cy

Bo10300 = —%(3]\@ +2)(Na —1)

Bliton = _6340‘%

Boto120 = 5%031

Bii0021 = — 2042NA (32D9(A) + TCIN4)

Bio020 = % A

Bot1020 = _E;QT?)Q 31

Bio020 = 5%[71014 — 42CR — 8113(R)ny]C3

21
¢ oote = ———C5
6010012 4096 A
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81
e _ 3
Bo10111 = 512 VA

11
e _ 4
5110011 = —128 A
51
e _ 3
5011011 = —512 A
3
° = —(Ng—1)(Ny -2
5011200 256( A )( A )

1
< = ——— 1 _384C4D>(RA 768D5(A)I>(R
Bo20011 1536NAIQ(R){ AD2(RA) + 2(A)I2(R)

+NAL(R)[T1CY — 42CRrCH — 811,(R)nsC3]}
1
Blato00 = —3—2(11031 — 8CACR +8C%)

Bor0210 = %(5]\&1 —2)Ca
Bliot0 = —;_; ,%1

Bor110 = —%(—10 + Na)Ca
Bo12010 = _G%CA

Biro10 = % 31

Baoo10 = —3%(14CA +5CR)C4

. 3
Bosoo10 = _6_4(CA —2CR — 91—2(R)“f)c,%1

3
BE31000 = —6—4[—12CACR + 612(R)Crny — TCALx(R)ny + 2C3 + 16C3]

Ba10100 = —5—12(—192012 +47C4)Ca

Blitio = —3%(51\714 —1)Cy

Bir0102 = 535 (96D2(4) ~ 13CAN)
Bo1zo00 = _6i4(_1 + Na)

Blioooz = — 153;]\[,4 [—11CANA + 192D5(A)]Ca
Bi2000 = 6—14(3NA —5)Ca

Botroo2 = _204;]\@1 (96D2(A) — 43C§NA)
Boto201 = —5%(5]\01 —6)C3

Borior = %NAC%

,15,



1
Bozo101 = —W{NAIQ(R)U%C% — 207C3 Ix(R)ny — 342C5CR]
+960D2(RA)}

1
/8510001 — _WAIQ(R)[5C‘%IQ(R)NA - 384CAD2(RA) + 96D2(A)IQ(R)]

3
e Y 2
6012001 - 198 CA

. 1
/3021001 = _W{NAIQ(R) [QOCiCR — 1430% — 63012412(R)nf]

+192D5(RA)}

Bizoi00 = 1_16(3031 —8C% + 13CACR)

Fisonr = ~ oy oz (O — 200)[~96D2(RA) + CI(R)N
—9I5(R)[—8Da(RA) + C3 Iz (R)Nalny}

1

Bozo002 = = 18432N 4 I5(R)[—25C4 Ny + 12D5(A) (2 + Na)]
{—3981312D3(A) Dy (RA) + 1132800C% Dy (RA)N 4
—829440C3 D3(A) Iy (R)N 4 + 12C5 Do ( A)I(R) (18058 — T1INA)N4
+1775CY I (R)NA + 1152C 4 D3 (A)* Ir(R) (586 + 5N 4)
+179712D3(RAA)[—25C4 Na + 12Do(A)(2 + N4)]
+9216C4 [540CRr D3(A)I2(R)N 4 4+ Dy(A)Do(RA)(362 + Na))
—75C3 I(R)N3[14CR + 27I5(R)ny]
+36C% Do (A)I5(R)NA[2CR(—16586 + TN 4)
+915(R)(206 + 3N 4)n ] — 1990656 D3 (A) Da(RA)N 4
—3456 D2 (A)?I(R)[2CR(602 + 13N4) + 9I5(R)(2 + Na)ng]}

1 1
¢ o001 = ——C3 (14 S — — 4CR)Ds(RA

1
6530000 — —m <48D2 (RA) —|— IQ(R)NA{llC% - 24201240}2

+640C4C% — 416C3, — 28C3 I(R)ns + 144CACrI(R)ny
—104CRI>(R)nyg — 12CI5(R)*n}
148(C4 — 2CR)(Ca — CR)[2CR — Ca + In(R)n f]gg})
R
220000 7 1536 N4 I5(R)
—2148C 4 C% + 3336C3, + 3(247C3 + 896C A Cr — 1180C%) Is(R)n
+24(Ca — 16CR) I2(R)*n?] — 384Dy (RA) — 288 (24D2(RA)
+24Dy(R)ns + I (R)N4{—22C3 + 6C%[6CR — I2(R)ny]
+3CACR[-32Ck + L(R)ng] + C4[81Ck + 2D (R)n]} ) Gs|

3456 Dy (R)n s + Io(R)N4[—335C% — 642C5Cx
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. B 1
B510000 = T 1382ANAT(R)
—4C3[13819CR + 138915 (R)ny]
—8CR([3483CF, — 28015 (R)*n} + 108CRIz(R)ns(—23 + 24¢3)]
+4C4[12339CF + 12013(R)*n% + ACRIz(R)ny (157 + 1296(3)]}>
. B 1
Fisoono = = 192N AT (R)[12D9(A)(2 + Na) — 25C4 N 4]
[8640C3 Da(RA) Io(R)Nany — 51840C3 CrDa(RA) > (R)N any
+10368D2(RA)*(2 + Na)ns + 100CH Ir(R)N3(—4 + 111¢3)
—150C 4 NA[CrI2(R)*Nan} 4+ 2CE12(R)*Nans(23 — 6(3)
+24Dy(R)n g (=7 + 2(3) + 8CHIo(R)Na(7 + 9¢3)
+16D5(RA)(—1 + 12¢3)] 4 75C3 L(R)N3[T1(R)*n}
—4CRIx(R)ns(—31 + 9¢3) + 8C%(17 + 60¢3)]
—75CS I (R)N3[I2(R)n (47 — 16(3) + 4CR(8 + 117¢3)]
+12D5(A) (96D2(RA)(2 +NA) (=1 +12¢3)
—4C3I;(R)NA(2 + No)(—4 + 111(3)
+3C2I5(R)NA{ACR(2 + N4)(8 + 117¢3)
+I(R)ng[118 + 47Ny — 16(2 + N4)G3]}
—3CuLo(R)NA{TI(R)*(2 + Na)n% + 8CH(2 + Na)(17 + 603)
+4CRI(R)ns[134 + 31N4 — 9(2 + Na)Cs]}
+6CRI2(R)*Na(2 4+ Na)n7 + 144D5(R)(2 + Na)ng(—T + 2¢3)
+48C3I5(R)NA(2 + Na)(7 + 9¢3)
120215 (R)2N an s[262 + 23N 4 — 6(2 + NA)gg]ﬂ . (4.7)

<—15552D2(RA) + I(R)N4{13755C3

(Here and elsewhere we denote ((n) by (,.) We computed the four-loop DRED quantities
from their DREG counterparts using the indirect method discussed in refs. [, [9]. It is
based on the following formulae:

MS 3048

BN = ) 8M8+ﬁe +Zﬁvra

o _ o nsOlnmDt | wf R om R npe gmOR PPl o™ (4.8)
" ™ 9lnmMS DR 3@1;4_3 mPR da . mbPR  Ov, ’

Let us briefly discuss the order in perturbation theory up to which the individual building
blocks are needed. Of course, the MS quantities are needed to four-loop order; they can be
found in refs. 2q-RJ]. The dependence of as and mPR on oy starts at two- and one-loop
order [fl], respectively. Thus, 3, is needed up to the three-loop level (cf. eq. ({.§)). On the

other hand, both o and mP® depend on v, starting from three loops and consequently
only the one-loop term of 3, enters in eq. (f.§). It is given in eq. (B.41)).
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MS

For the four-loop analysis we also require the three-loop relations between o and oy

and between mPR

and mMS. The two-loop results were presented in ref. [[[], and the three-
loop results for the special case of QCD in ref. [JJ]. Parametrising the three-loop terms by

5&3) and 5&?, we have

1+

_ _MS L s el o e 3)
a Ca+ —CA = == SCRI(R)ny + 3§ +]

[ .\ 2 [
aMs 1 <aMS> 11C2 aMs a1
12

DR _ mMS

2 —
ae 1 aMs 11 aMSq, 1

1-Z2¢ s OO — L%~ 030, +8C
w4R+<w>192AR 7 32 R(BCa+8CR)

N2 1
+ (%) —[3Ck + L(R)ng] + 6@ + ...

2 (4.9)

where the dots denote higher orders in 041;/[8, Qe, and v,. We find

1 R

m363) = %aysagb(mnf 2C% — 3C4CR + 2C% — Caly(R)ny]
1 R

+7CRIx(R)ny) — @(ays)%eb(}z)nf@ci +60C4CR + 6C%)

1
t o1 (~168C3vavs — T2Chuav1 + 120304C5 — 48v503C
+48v1v3C3 — 48C 40102 — 48C AN qv1v2 + 36C505 + Chv; — T2C 403

—240,4]\7,4?}% — 240,41)%) — Oélsvlis?)iCADQ(A) +

1 MSH\2
— Dy (A
96N 4 380 S uaDa(4)

(aMS)2(=6C% 03 + 84C% vy + 36CT 01 — 14CY)

* 4608

1 R
+ a0 (@8) [B049CY — 416C In(R)n s — 138CACRI(R)ny] (4.10)

1
360 = —@agc}g[—wci +14C4CR + 27C% — TCaIy(R)n
+39CRI2(R)ny — 1013(R)*n} + 12C5(3 — 36CACRCs + 24CH(3]

1

—a2C0n —

Ge 3(192

1 1 g

.~ DJRA 2 aMSuTe2 41002
+16[2(R)NA 2(RA)vy + 384045 [47C% + 10C%H
—3I3(R)Cany — 19I3(R)Crny — 165C4CR + 144C% (3
—48[2(R)C,M”Lf€3 + 48[2(R)CR7”LfC3 + 720,2463 — 2160ACRC3]>

[6CR1}1 + 12Cgrv9 — 2C 409 — CAvl]

1
+aeChr < 5= (20003 + 88N 403 + 5607 + 16N 40

+112Nvov; — ChvF — 12C3 w304 + 176050 + 48v3C Avo

—360312}32, + 488C1%v4v2 + 2320311)41)1 — 48C qvyv3)

1 PR
+m(a¥5)2[28800§<3 — 168C4Ir(R)ny — 1544C4CR — 52C%
—1981,(R)Crny + 1440035 — 432004 Crés — 79031])
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+

20736

128N 4

1
( ) CRCA [43540,4 + 135CR + 304[2(R)7”Lf]

3
DQ(A)UE

4.1 The S function and anomalous dimension

Inserting eqs. (f.10) and (f.11)) into eq. ([£§), we obtain

DR
500000

DR _
5203000

DR
5302000

DR
5311000

DR
8300002

DR
400010

DR
5200030

DR
8310001

DR
220100

DR
301100

DR
210011

DR
400001

DR
300011

DR
B100100

DR
B101000

DR
B200120 =

DR
B201020 =

DR _
B510100 =

DR

220001 —

= by —

19592Dy(A
165888NA{ 2(4)

+CAN4[27648by — C4(1152b1 + 85280b0C'4 + 2701%)
+64b0(2080,4 + 6903)[2(R)7”Lf]}

1
@CA

64 CA
1
~ g (R)CA

~ Goas5aN | 19872CA Da(4) — 227CHNA + 27648 D5 (A)]

3079 ——(4bo + QCA)CA
11
4
3072
1

" 4608N 4
1
——(CA + 3CR)anQ(R)CR

[96D2(A) — C4NAI(R)ny

1
—— (5N 12

1536( Ca + 3Cr)nsCSI5(R)

——— (4 Dy(A) — CAN
18432NA( bo + 90,4)[96 2( ) CA A]

1
55296.N 4

7
4
1536( by + 9C4)C3

(4b0 + 9CA)CA

384Dy (A) + 227CENA|Cx

512

1152N4[—25C4 N4 + 12Dy(A)(2 + N4)|
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DR
Ba02100 =

DR
B110000

DR
301001

DR
220010

DR
300020

DR
210110

DR
320000

DR
5230000

ARk 00
T
ARkon
A0
BRE 0
AP0
AR 01
AR 20

DR
B310010

DR
B200003 = —

{CA(Ca +3CR)(25C% — 12D2(A)) I(R)N}
—24(C'4 4 3CR)[25C4 Do(RA) — 36Dy (A)Dy(RA)
+C§1D2(A)I2(R)]NA}

ol (NA +1)Cy

—@IQ( )n 1 {8bo(5C3 + 56C4CR + 6CE)

+CR[~192b; + 3903 + 892C 4 CR + 108CF, + 24C 4 Ir(R)ny
—SOCRIQ(R)TLJC]}
1

~3073 [96D5(A) + 89C4 N 4]

1
192 (CA + 3CR)anQ(R)CA

1
18432N 4

1
384 (4CA + 3CR)anQ(R)C

[96Dy(A) + 227C% N 4]

_ —24Dy(RA
1152N 4 ”f< 2(RA)

+I(R)NA{16C3 + 6CACR[25CR — 22I5(R)ny]
+3CAUCR - I (R)ng] - T2CH[TCR + 5L(R)ny]} )
—EIQ(R)nf[—z;ci + 23C%4CR — 46CAC% + 3203,

+(6C3 — 33CACR + 50CE) L(R)ny — 2(Ca — 7CRr)I2(R)*n7]

——(19N4 + 82)C%

(N4 +1)(4C4 + 3CR) Lo(R)ny
1

" 9216N 4

512 (40,4 + 3CR)anQ(R)CA
1

768

384
[480D5(A) + 703C4 N 4]

I(R)Cnyg

(86402 Dy(A) + 1108 N4 — 27648 D5 (A
663552]\7,4[86 CA 2( )+ CA A 7648 3( )]CA
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DR 1
Ba00102 = G144N
1

Bz = m[%Dz(A) +17C4N4Ca

DR _i 3
202001 128

[480D5(A) + 199C3 N4|Ca

PRs00 = 768 ——(N3 +13N4 +18)Cy

B0l = 226 (8+Na)C3

DR 1 = —m[%mm) G NAIC

ZDgOlO = _6_40A

Moce = ﬁ«m +3CR)[96D:(4) ~ CANAIL(R)ng
3BBn = == (1C4 + 3CR) (R

== 1
Biot0 = 384 7o (4Ca + 3CR)nypIo(R)Cy

A0 = 956 (NA +5N4 +10)Cy
B;)(T%zlo = 2;6 (NA - 2)0
2%7%{110 = _%(NA - 2)02
oo = m(CA +3CR)(Ca — 20R) Ia(R)ny
2D0_%201 = 512(7NA +46)C3%
?ﬁom = 2;6 (4Ca + 3Cr)nsl2(R)CH
DR = —mngﬁA) +11CAN 42
BBlan = == (Na +3)(4C4 + 3CR) (R
DR = 728 (4C4 + 3CR)n; L (R)C (4.12)
where
e
by = 116 ( C2 — 4CRIL(R)ny — ?CAIQ(R)nf)
b= (2857CA 4+ 202 15(R)ny — @CRCAIQ(R)n
1;1;5 CAl:(R)nys + %0312(3) + WCA&(R) f)
bs = ﬁ [(154086653 - %C?’)Cﬁ‘ + Calz(R)ny (_398%43 @Q”)
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7073

656 4204 352
2 [ — _—
+CACRIQ(R)nf< 913 C3> + CACRIQ(R) < o7 Cg)
7930 224
+46C3 Iy (R)ns + C3Io(R)> nf( - 43)
1352 704 17152 448
2 2 2 -
+CrI2(R) nf( o7 Cs) + CACRL(R)? f( 513 T 9 Cs)
424 1232
+ECAI2(R) + %CRb(R) f
Dy(A) / 80 704 nyDy(RA) /512 1664
TA(_§+?C3) +T<T_T 3)
n4Da(R) 704, 512
i A B
I ( 5 @,ﬂ (4.13)

are the one, two, three and four—loop gauge (-function coefficients calculated in DREG.

For the fermion mass anomalous dimension, we find

DR
400000

DR _
110002

7%011
7@010
7%010
’Yﬁom
’Y(%no

DR
V020011

DR
7310000

DR __
V110020 =

=73+

129 3

408 — =
768 512 AYR T 16
89

29 3
- 2 e 2 2 2 2
—|—576[2(R)CACR’I’Lf + 518412(R) CACRTLf + 16]2(R)CACRnfC3

19003
82942 CACR

[2784C 4 Do (A) + 1632Cr Do (A) — 53C3 N4

CRCA I(R)CACEn (s

1296 CRCAI2(R) ng—
1
245T6N 4
—1lcRCjNA]C

2048(53CA + 1lCR)CACR

(310,4 + 18CR)CACR

3
2048N 4 15(R) [

256
3C3I5(R)N A + 64Dy (RA)|CR

1024 ——(53CRr + 79CA)CACR

1
— 5z 17Ca + 17L(R)ny — 6CR]CACR
1
30T LR AP (A R(R) — 144C, Dy (RA)

+NaI(R)[-51C3 I(R)ny — 3003 CR + 37C4]}Cr
1
16588815(R)N4
+1I(R)N 4{—26505C% + C3[355107C + 2354415(R)n ]
+2C4[11916C%, — 65508C 12 (R)ny — 374415(R)*n?]
+12CR[7965CT, — T212CRI5(R)ny — 22415(R)*n?]
+2592(Ca — Cr)[5(—11C4 — 9CR)(Ca — 2CR)

+4(5C 4 — 1603)12(R)“f]C3})

—=_(53C4 + 11CR)C3Cr

Cr (46656D2(RA)

2048
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PR 7
DR _ 2
V211000 = 1024 CiCr

1

DR 2 2
= _{N4L(R)[-51C3I -
7020020 1024NAIQ(R){ al2(R)[—51C3 I (R)ny — 30C4CR
+37C3] 4+ 16Dy (RA)}Cg
SR 1
DR 3 2
= _INJL(R)1 154
7020101 1536NAIQ(R){ al2(R)[103C5 — 154C5CRr
—277C5 I(R)nf] + 720D (RA)}Cr
SR 1
W00 = 737 (19CRN +210ANA +95C,1 + 49CR)Crr
S 1
Yozr100 = — g 43R (R)Nanys + 10CRNA + 3CANA + 3513 (R)ny — 142Ck — 5C4]Cr

DR 1
Yoo1o = ~ o5 [-BLL(R)ny — 42Cp +79C4]CaCrR

DR 1
DR 2
= —(11 211C' 4
Y110101 102 ( Cr + C )CACR

R 1
Yigmi00 = —5(031 +6C% + 10CACR)CR

PR 1
DR . 4
V200011 = 1024 CaCr

=5 7
DR  _ 3
V200101 = —512CACR
e 1
TR0z = 136N, [—41472D5(A) + 480C% Do (A) + 37TCSN4ICR
L _ {Nalo(R)[—63C% — 113C3 Io(R)n s + 34C3Chp]
1536 N4 I2(R)
e 1 4
DR 3
= ——(Cg|C%(31C 18Cgr) — —————(19C 12CRr)D2(RA
== 29
DR 2
Yo10120 = 3072 C4Cr
e 1
DR _
7210100 = T 7091 (96CR + 7C4)CACR
== 97
DR _ 3
Yoto111 = —3072 4CR
bR 1
DR _ 3
300010 — 1024 CaCr
7
DR — C2C
¥300100 F1o "AVR
IS 3
DR _ 2
Y301000 — 512 CiCr

bR 1
Yortooz = —MB?)GODQ(A) +1033C4 NA|CR

PR 1
Yoro012 = m[%‘lDQ(A) + 37C4NA|CRrC

PR 1
010800 = ~T535 (N4 +5TNa +86)Cr
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DR 1
Vo13001 = _ﬁ(?)NA + 74)C%CR

BR 49
DR _ 3
Yoti011 = 1024 4CR
DR 1
7?11;\010 = —53(530/1 +11CR)C4CRr
PR 3
DR _ 3
7200020 = 1024CACR
DR 1
DR — C2C
Y201010 —256 AUR
PR 1
V300002 = T 19288, [—96D5(A) + CLNA|CRCANA
R 1
DR
V202000 = —512CACR
DR 3
DR _ 3
V201001 = —512CACR
DR 1
V220000 = Toranr o CrR{—288D2(RA)(1 + 72(3)

184321 (R)Na

+2C3% I5(R)N 4 (—1295 + 10080¢3)

+4[3CE I5(R)N (1544 — 5760(3) + 2592D5 (R)ns(1 — 2(3)
+64CRI2(R)*NanF(—10 + 3(3) — 2C%12(R)*Nans(571 4 1008(3)]
+CAI(R)NA[235415(R)n s — 278415(R)n (3 — 12CR(721 + 7704(3)]
+2C415(R)Na[2415(R)*n}(17 — 16(3)

+CrIo(R)n (7444 + 5856(3) + C%(9428 + 71136¢3)]}

181
Vo020 = mcﬁ R

DR 1
Yo10021 = m[224D2(A) + 37C4NA|CR

R 1
V300200 = E(NA +3)CaCRr

1
DR
1
DR 4
= ———[-96Dy(A) + N
V300001 = GIAAN [—96D2(A) + C4NA|CR

DR 1
DR 2
- 3¢
7200110 = 5~ AYR
R 1
Yit100 = 512 (37CANA + 15CRNa + 19CR + 21C4)Cp

DR
010030 = 503 4CR

OB 1
W00 = Tras ~35L2(R)Nans +39CaNA — 38CrNa + 302k

—12115(R)ns — 23C4|Cr
1

PR o = ﬁ(—2401%2 — 2204Cg + 27C%)Cr

— 24 —



R 1
0000 = 1536 1(R)NA[—25C% N4 + 12D5(A)(2 + Na)]
Cr [—163200§1D2(RA)12 (R)Nany
+9792003 CrDa(RA)I5(R)Nany — 19584D3(RA)?(2 + Na)ng
+100C5 I2(R)NA[-288CRI2(R)ny — 1515(R)*n}
+2C%(—126 — 432¢3)] — 100CT I,(R)N%(—23 + 240(3)
+100C% Io(R)N3{15Ck + 7512(R)ns — 6[—132CR + I(R)ns)¢s}
+25C  Na{1344C% I5(R)* Nans + 180CgI2(R)* Nan}
—12ns[5I5(R)*Nan} + 24D5(R)(7 — 2(3)]
+192D5(RA)(—1 4 12¢3) + 3C3I(R) N 4 (368 + 384(3)}
—12D5(A) (—4032D2(R)n 7+ Na{1104C3 I(R)(2 + N )
—6[336D2(R) — 16C312(R)*(79 + 14N 4)|n¢
+180CRI2(R)*(2 + Na)n} — 60I2(R)* (2 + Na)n'}
+4C a2 (R)NA[-24Cr1I5(R)(41 4+ 12Ng)ny — 1515(R)*(2 + Na)n}
+20%(2 + Na)(—126 — 432¢3)] + 4C3 I(R)NA(2 + N4)(23 — 240(3)
—96(2 + Na)[—12C3 12 (R)N4 — 6Da(R)n (3
+192D5(RA)(2 4+ Na)(—1 + 12¢3)
+4C3 L (R)NA{CRr(2 + Na)(15 4 792(3)
HIo(R)ns[184 + 75N — 6(2 + NA)@,]}>]

ESve) 1
Y01 = —@(23]\7/& +218)C3Cr

oE 3
DR
= ———(3N4 —2)C4C
“Yo10210 512( A ) ACR
1

TPBo00 = _@(8CANA —2CRN4 — 37C4 — 15CR)CRr

58 1
PR 10 = =15(53Ca + 11Cr)CaClr
BE 1
R0 = —=——-——CR(—576Dy(RA) + Ir(R)N4{352C% + 616C>
W = ~g57ar ;O (~5T0D2(RA) + L(RINA{352C3 + 616C3 Cr
—6040C4C% + 6992C3, — 10003 I2(R)ny — 1388CACrI2(R)ny
+3920C% L (R)ns + 168C4I>(R)*n} — 88CrI(R)*n}
+48(CA — CR)[3(80A — 13CR)(CA — QCR)
(1604 — 320 B (R)ny + 81(R)*n3)Gs)
1

L ~ 1235 BCaN — 16Cr N — AL(R)Nany + 43L(R)n;

—50CR + 57CA]CR
1

DR
1020002 = 368647, (R)Na|—25C NA + 12D5(A)(2 + Na))
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CR<—1880064D3(A)D2(RA) + 536400C% Do(RA)N 4
—391680C% D3(A)Io(R)N4 + 4C% Da(A)I2(R) (22778 — 111N 4) N4
+ 925C I,(R)N% 4 1152C 4 Do (A)?I5(R) (286 + 7N 4)

489856 D3(RAA)[—25C N4 + 12D5(A)(2 + Na)]
+192C%[12240C R D3(A) I5(R)Na + Do(A)Do(RA) (8198 + 19N4)]
—75C% I,(R)N3[10CR + 1712 (R)ny]
+12C%4 Dy (A)I2(R)N4[—CRr(43540 — 30N4)
+315(R)(2634 + 17N 4)n¢] + 3456{—272D3(A)Da(RA)N 4
+Da(A)* B (R)[~2CR(290 + 9N4) — 13B(R)(2 + Na)ny]})

DR = %[3@1 —10Ck — 30I5(R)n]CACR

== 1
DR

= —(11N4 — 50)C4C
“Yo11110 768( A )CACR
== 1
DR

= —(N 38)C'4C
Y012010 768( 4 +38)C4CR

1

DR
= ——————{384C4 D3(RA) — 864CrD2(RA

+N4Iy(R)[10C% CR — 3C4 + 30C% Ir(R)n /]
—528D2(RA)IQ(R)TLJC}CR

DR 1
W02 = ~ 3ga000; (7008 D2 (4) + 233TCANAICr

58 1
Youa00 = 5= [13C% + 8CaIz(R)ny + 216C% + 132CrIo(R)n;

384
—122C7CR|CRr
SR 1
YR 00 = @[1103 +108C% — 41C4Ia(R)ns — T6CACR + 66CrIo(R)ns]Cr
SR 3
DR 4
= = _(64C4Ds(RA) + 32D5(A)5(R) — CAI,(R)N4)C
7210001 4096NAIQ(R)( AD2(RA) + 2(A)2(R) 412(R)N4)CR
SR 1
Yottior = ~ 1535 (93Na +320)C5Cr

oE 1
Witao = ~ 575 (ONA +2LNa +46)Cr

i 1
W10 = — 7z (N3 + 31N +22)C
1

DR
= — (N4 —10)C
013000 768( A ) R

(4.14)
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where

1 1261 4 . /15349
= 5 k(- . ~ 336G ) + CRCa( - +316¢; )
34045 70055 1418
22 ( _ 3 _
+CRCA( = 152g3+440<5> +CRCA< e 44()(5)
280
+C3 I (R)ny (—? 4 552Cs — 480C5)
, 8819
+C3CAL(R)ny (—2—7 + 368Cs — 264C4 + 8OC5>
65459 2684
2 —_——
+CRCA12(R)nf( = : C3+264C4+4OOC5>
304
2 2. 2 B
+CR(R)n} (5 — 160G + 96 )
664 128 Do(RA)
3,3(_664 128 .\  Dy(RA)
+CrI(R)*nd =+ &) + 0 (—32 +240G3)

<1342 > N nyDo(R)

2, 2 20>~ _ _
+CRCala(R)n (=5~ + 160G — 96¢, . <64 48043)] (4.15)

5. The four-loop supersymmetric case

Our conventions are such that substituting in the above equations the results of tables P
corresponds to a gauge theory with ny sets of Dirac fermions transforming according to
the fundamental representation, or ny sets of fundamental two component fermions with
ny sets of anti-fundamental two component fermions.

To extract the supersymmetric case we must make the replacements

Cr — Cy

IQ(R) — CA
1

ng — =

2
D3(RAA) — Ds(A)
Qe = V3 = Qg

V1 = Vg = Vg = 0. (5.1)

With these substitutions we can compare our results for 85 with the four-loop results for
the gauge B-function B5YM of SQCD which was presented in ref. [l

SYM _ _ (%)2 ECA + gcia; + 2—310% (%)2 + %Ciﬁ (%)1 +0(a7).  (5.2)

We indeed find that using eq. (5.1)) in eq. ({.J) precisely reproduces eq. (5.2).
We have also checked that in the same supersymmetric limit, eq. ({.7) reproduces the
three-loop SQCD S-function.
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Turning now to the case of softly-broken supersymmetry, there exists an exact result

for v H:

SYM d [g™
Y = Qg a— s (53)
s

whence it follows that
SYM _ %) §C 502 Gs @03 <%)2 ECA <%)3 O(a? 5.4
Tm <7T [4 At O+l T) F0alT) [ H0E). (B4)

Using eq. (.]) in eq. ([L.§) precisely reproduces eq. (b.4) in similar fashion.

The invariant D3(A) does not feature in either calculation, and the dependence on
Dy(A), N4, (3, ¢4 and (5 all cancel, although they appear in individual terms. It is tempting
to speculate that this absence of higher order invariants and transcendental numbers (other
than ) is related to the existence of the NSVZ scheme, in which the gauge S-function for
any simple gauge group is given (in the supersymmetric case without matter fields) by the

expression [24, RJ|

3 s\ 2 Cacs\
NSVZ 9 s . s
A 4CA<7T) (1 5 > (5.5)

which is manifestly free of them to all orders. It is natural to conjecture that the same

property holds in the DRED scheme. For discussion of the relationship between ﬂ;\ISVZ and
BPR see ref. [

6. Discussion

In this paper we have applied DRED to gauge theories with gauge groups SU(N), SO(N)
and Sp(V), and calculated both the gauge S-function and the mass anomalous dimension to
the four-loop level. These calculations required careful treatment of the evanescent Yukawa
and quartic couplings of the e-scalar. In the supersymmetric limit we explicitly verified
that the g-function for the evanescent Yukawa coupling reproduces the gauge G-function
through three loops.

The results for ﬂ? and ngR in the special case of QCD as described in ref. ] and [g]
are easily obtained from the results of this paper by specialising to the SU(N) case, and
setting N = 3 and vq = 0, with the fermions in the fundamental representation.

Predictions based on theories with low energy supersymmetry require careful consid-
eration of the transition between the MS and DR renormalisation schemes. If, for example,
the decoupling of supersymmetric particles is carried out in several steps (as in split su-
persymmetry, for example [R6]) then it is essential to take into account the evanescent
couplings (for a recent discussion and treatment of the running of ag and m; in the MSSM,

see ref. 7.

A. Group theory

We consider a gauge group G with generators R® satisfying?

[R“, Rb] — ifabeRe, (A.1)

4Useful sources for some of the material in this section have included refs. [@, E, @]
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We work throughout with a fermion representation consisting of n s sets of Dirac fermions or
2ny sets of two-component fermions, in irreducible representations with identical Casimirs,
using R® to denote the generators in one such representation. Thus R*R® is proportional
to the unit matrix:

R°R* = Cg.I (A.2)
For the adjoint representation we have
CA(Sab = facdfbcd- (A3)
I>(R) is defined by
Tr[R*R’] = Ir(R)6%. (A.4)
Thus we have
Crdr = I2(R)N4 (A.5)

where N4 is the number of generators and dg is the dimensionality of the representation
R. Evidently I3(A) = C4. The fully symmetric tensors d%’Cd and d%°? are defined by

1
dig*! = <Tr[RUR"R°RV),

1
daped = gTr[F(“FchFd)], (A.6)
where
(Fa)bc _ ifbac (A?)
and

RR'R°RY = R*R’R°R® + R°R'R'R‘ + R*R°R"R‘
+ R°R°RIR® + R°RYR°R° + R°RR°R?, (A.8)
(similarly for F(aFbpepd)),
The additional tensor invariants occurring in our results for 35 and -, are defined as
Dy(A) = dabedabed
Dy(RA) = dyetds
Dy(A) = deped dZdef djbe f
D3(RAA) = dedacdes guoel (A.9)
In table - we present results for the various tensor invariants for the groups SU(N),
SO(N) and Sp(V), when the fermion representation R is the fundamental representation.

In each case the constant b reflects the arbitrariness in the choice of normalisation of the

generators (see eq. (B.j) for SU(N)).

B. The groups SO(IN) and Sp(NN)

In this section we derive explicit expressions for the g-functions for the e-scalar quartic
interactions for the groups SO(N) and Sp(NN). These may also be derived from eqs. (B.41)
using tables [, fl.
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Group SU(N)
Cy bIN
Cr booxt
I(A) bN
Ir(R) 5
Ny N2 -1
Ds(A) V(N2 —1)(N? + 36)N?
Dy(RA) VEN(N? — 1)(N? +6)
Ds(R) sz (N2 —1)(18 — 6N2 + N*)
Dy(A) | LeN?(N? —1)(324 + 135N + N*)
Ds(RAA) b N3 (N2 —1)(51 + N?)
Table 2: SU(N) Group invariants (here R is the fundamental representation).
Group SO(N)
Ca b(N — 2
Cr 5N -1)
Ir(A) b(N — 2
Ir(R) b
Ny IN(N -1)
Dy(A) VEN(N —1)(N — 2)(—296 + 138N — 15N2 + N?)
Dy(RA) EN(N —1)(N —2)(22 — TN + N?)
Ds(R) BN(N —1)(4 — N + N?)
Dy(A) | (N —2)(N — 1)N(—29440 + 23272N — T018N? 4 97IN? — 47N* + 2N?)
D3(RAA) B N(N — 2)(N — 1)(2048 — 1582N + 387N? — 31N3 + 2N*%)
Table 3: SO(N) Group invariants (here R is the fundamental representation).

B.1 The case G = SO(N)

Let us consider SO(N). The defining representation of the generators of SO(N) is given

by the set of matrices

(Miij)kr = —i(Gikji — 0itlkj),

satisfying the algebra

[Mij), Mign] = —i (86 Mgy — G Mgy — 65 Mg + 60 M)

or

[Mij, Migay ] = fiig) et fmn) Mimn)

where the structure constants are given by

1
f[ZJ][k” [mn] = B [5ik5jm5ln + ... (7terms)]
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Group Sp(N)
Ca b(N +2)
Cr b(N +1)
I>(A) b(N +2)
I (R) 3
Ny %N(N + 1)
Dy (A) BEN(N +1)(N + 2)(296 + 138N + 15N2 + N3)
Da(RA) BEN(N +1)(N +2)(22 + 7N + N?)
Ds(R) LEN(N +1)(4+ N + N?)
D3(A) | 22 (N+2)(N+1)N (29440 + 23272N + T018N? + 971N? 4 47TN* + 2N?)
D3(RAA) D SN(N + 2)(N + 1)(2048 + 1582N + 387N2 + 31N3 + 2N*)

Table 4: Sp(N) Group invariants (here R is the fundamental representation).

such that they are antisymmetric in ij, kl, and mn exchange. With this normalisation of
the generators it is straightforward to show that the adjoint quadratic Casimir C4 is given
by

Tk mn) flin ik pg) = CA(Ompdng — Omgdnp) (B.5)

with
Ca=2(N-2). (B.6)

We will, however, present results for an arbitrary normalisation of the generators such that
Ca=0b(N-2), (B.7)

where b is a constant. Useful checks on our calculations will be provided by the isomor-

phisms
S0(3) = 2 [22) (B.8)
and
S0(6) = 312(24) (B.9)

which mean that the Lie algebras of SO(3) and SU(2), and of SO(6) and SU(4) are identical.
Note that to compare our result for SO(3) with the corresponding result for SU(2) (where
with the conventional normalisation we have Cy = 2) we will need to set b = 2, while to
compare SO(6) with SU(4) we will similarly need to set b = 1.

The basis for 4-tensors for SO(N) for N > 4 has v = 6 and can be chosen to be’(we

®As will become clear our results will not be applicable to the special case N = 8, which we will not
consider further



adopt a shorthand notation with [i1io] — i etc.):

Py = 404,

Py = 6,05,

P3 = 00,

Py = fijmfrims

Ps = fikmJjim

Ps = tr[FiFFyF, (B.10)

where (F})mn = fmin-
Some useful identities for reduction of various 4-tensors to the basis are as follows:

b3
TEFF, PR = 5 (N = 4)(=2P, + 2P + Py)
b? b
—i—Z(N — 8)(P4 - 2P5) - §(N — 2)P6 (Bll)
b3
TY[EFmF}Fn](FkF})mn = E(N - 4)(_2P1 + P+ PS)
b? b?
—S (N =8Py + (N = 8)Ps. (B.12)

It is interesting that this doesn’t involve the basis element Fs.

b4
e[ By B P Te [P FL o ] = - (N = 2)(N = 4)(6Py — Py — Py)
b3
+§(N3 —6N% + 16N — 24)P,
b3
NN -6)P
b2
+Z(N2 — 6N +20)Ps (B.13)

b4
Te[Fi o Fy P FiFn Fi ] = — (N = 2)(N = 4)(Py + Py)

b3
+§(N2 — 14N + 32)(—2P; + P5)
b2
— (N =8)Fs (B.14)

The results for the one-loop S-functions in a basis as in eq. (B.15) and with v; defined
as for SU(N) are as follows:

By, = 807 4+ 2(N? — N 4 2)vjvy — 4b(N — 2)v1v3 + 6b*(N — 2)%v104
+12?}§ + Sb(N — 2)?)2?}3 + 8b2(N — 2)2?)2?}4
+2004 (N — 2)(N — 4)v3 4 1603 (N — 4)vzvg — 12b(N — 2)v;ay,
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By, = (N? — N + 8)v3 4 120103 — 4b(N — 2)vav3 + 6b*(N — 2)%vpv4
—8b3(N — 4)vzvy 4 604 (N — 2)(N — 4)vF — 12b(N — 2)vaas,
Bus = 4b(N — 2)2}32, + 12v1v3 — dvgvg — 4b(N — 2)vauy
+20%(N? — 6N + 20)vzvy — 4b% (N — 4)v7 — 12b6(N — 2)vzas,
Bo, = %b2(3N2 — 28N + 140)v7 + 120104 + 20004 — 203
—2b(N — 2)vzvy — 12b(N — 2)vsa,s + 602 (B.15)

If we set N =6 and b = 1 in eq. (B.1J), we reproduce precisely the results obtained by
setting N = 4 in eq. (B.19). Similarly, if we set N = 3 and b = 2 in eq. (B.15), we reproduce
precisely the results obtained by setting N = 2 in eq. (B.19), setting v3 = v4 = 0 in both
cases.

B.1.1 The fermion contribution

As in the SU(N) case, the fermion loop contribution to the scalar anomalous dimension
results in a contribution of AB,, = 8nsI>(R)via. to each f-function in eq. (B.18). The 1PI
fermion box diagram makes a contribution to the S-functions (appropriately normalised)
of the form as eq. (B.2§); for the adjoint representation this becomes:

H;AB,, = a?(—2b(N — 2)H3 — 4H ), (B.16)
and hence for the complete (-functions including a single two-component fermion in the
adjoint representation we have from eq. (B.17):

By, = 802 +2(N? — N + 2)vjvy — 4b(N — 2)vyvs + 66 (N — 2)%v104
+1203 + 8b(N — 2)vav3 + 8b*(N — 2)%v9vy + 1663 (N — 4)vsuy
+2004(N — 2)(N — 4)v? — 12b(N — 2)via,s + 4b(N — 2)v;a,

By, = (N? = N + 8)02 4 120103 — 4b(N — 2)vpv3 + 6b*(N — 2)%vgv4
—8b*(N — 4)v3vy + 6b* (N — 2)(N — 4)v]

—12b(N — 2)vgars + 4b(N — 2)vaa,

Bus = 4b(N — 2)v§ + 12vyv3 — 4vgug — 4b(N — 2)vavy
+2b%(N? — 6N + 20)v3vy — 46> (N — 4)vF — 12b(N — 2)vza,
+4b(N 2)vzae — 2b(N — 2)a?,

Bo, = b2(3N2 — 28N + 140)v7 + 120104 + 200904 — 203

N

—2b(N — 2)vzvy — 12b(N — 2)vgas + 602
+4b(N — 2)vga, — 402, (B.17)
when it is once again easy to extract the supersymmetric result by setting v1 = v =v4 =0
and v3 = a = Q.
For a single two-component fermion in the fundamental representation, (and for N # 8)

we find that

1
Te{MM; MMy = 57— |0 (P + Py + Py) + b(2Py — P5) + P6] (B.18)
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and hence we find for fermions in the fundamental representation a contribution to the

B-functions (for ny flavours) of the form

_ I ror? . _ _
HABy, = A’;‘L_O‘g [862(H, + H2) — 2b(N — 10)H3 — 4H,) . (B.19)

It is straightforward to incorporate these contributions into eq. (B.1]) in the same manner.

B.2 The case G = Sp(N)

We will here be considering the unitary symplectic group. The generators of Sp(N) satisfy

JR*J = (RY)T (B.20)

01
(%) -

and I is the unit matrix. Evidently N must be even. For the case N = 2 it is easy to check
by explicitly constructing R® to satisfy eq. (B.20) that Sp(2) = SU(2). Another useful
check on our calculations will be provided by the isomorphism

Sp(4)
Zy

where

SO(5)

(B.22)

If we write N = 2n, the generators may be written as L,g, where an infinitesimal
group element & may be written

S=1+iY aapLag (B.23)
af
where ang = aga and
Lyg=L g, o B==%1,£2,---£n (B.24)

(Thus the correspondence Sp(2) ~ SU(2) is L1y ~ J3, L1—1,L_11 ~ J+ = J; £iJs.)
They obey the commutation relations

[Lag Lys) = (83303Las — dasdalos + 05508 Las — daxdalis (B.25)
where
1 if
S = —0u = { ifo>0, (B.26)
—-1lifa<0.
and @ = —« ete.
We find:

3
By, = 803 4+ 2(N? + N + 2)vjvg — 2b(N + 2)viv3 + 5b?(N + 2)%v1v4
+1203 4 4b(N + 2)vovz + 20*(N + 2)2wvauy
5
+Zb4(N + 2)(N 4 4)v3 + 2b3(N + 4)v3vy — 6b(N + 2)v; s,
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3
Buy, = (N? + N + 8)v3 + 120105 — 2b(N + 2)vavs + 5bz(N + 2)2v904

3
—b3(N + 4)vzv4 + gb4(N + 2)(N + 4)v] — 6b(N + 2)vaas,
Bus = 2b(N + 2)2}32, + 12v1v3 — 4vgvg — 20(N + 2)vovy
1 1
—|—§b2(N2 + 6N + 20)vzvy — 5()3(]\7 + 4)v2 — 6b(N + 2)vzas,

1
Bos = gb2(3N2 + 28N + 140)v? + 120104 + 200904 — 203
—b(N + 2)vz3v4 — 6b(N + 2)vgas + 602 (B.27)
Using table [] in eq. (B.41]) leads to the same results.

Setting N = 2, b =1 and v3 = vy = 0 in eq. (B.27) above we indeed find agreement
with the corresponding results for SU(2), from eq. (B.19).

B.2.1 The fermion contribution

The fermion loop contribution is similar to the the SO(IV) case. From the scalar anomalous
dimension we get a contribution of AB,, = 8nsIs(R)v;ae to each B-function in eq. (B.27).

In the case of the adjoint representation, by similar algebra to that leading to eq. (B.27),
we obtain for the 1PI fermion box diagram a contribution:

H;ABy, = a?(—b(N + 2)Hs — 4H,), (B.28)
and for the complete 3-functions from eq. (B:27):

By, = 802 4+ 2(N? 4+ N + 2)vivy — 2b(N + 2)viv3 + gbz(N + 2)%v 04
+1203 4 4b(N + 2)vovz + 202 (N + 2)2wvo1y
+Zb4(N +2)(N + 4)02 + 263 (N + 4)vsvs — 6b(N + 2)vravs
+2b(N + 2)v1 e,

Buy, = (N? + N + 8)v3 4 120103 — 2b(N + 2)vov3 + ;bZ(N + 2)%v504
B (N + A)vgus + gb‘*(N +2)(N + 4)02 — 6b(N + 2)vacrs
+2b(N + 2)vaare,

Bus = 2b(N + 2)v2 + 120103 — dvgvs — 2b(N + 2)vpvy
+%b2(N2 + 6N + 20)v3v4 — %b?’(N + 4)v] — 6b(N + 2)vszas,
+2b(N + 2)vgae — b(N + 2)a?,

By = éb2(3N2 + 28N + 140)v? + 120104 + 200904 — 203
—b(N + 2)vzvy — 6b(N + 2)vgas + 602
+2b(N + 2)vg0e — 402, (B.29)

when it is once again easy to extract the supersymmetric result by setting v1 = v9 =v4 =0
and v3 = @, = ay. Setting N = 4 in eq. (B.29) we reproduce precisely the results of setting
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N =51in eq. (B.15), in accordance with eq. (B.29); a good check of our calculation. Also,
setting N = 2 and v3 = v4 = 0 in eq. (B.29) we reproduce the results of setting N = 2 and
vy =vg = 0 in eq. (B.19).

For a single two-component fermion in the fundamental representation, we find (again
reverting to a shorthand single index notation)
! [ PPy Py - Lp P;) + Ps| (B.30)
Nagl 7\ 2 3) = 520 =I5 615 .
(where the P-basis is defined in the same way as for SO(N) in eq. (B.10)) and hence a
contribution to the B-functions (for ny flavours) of the form

Tr[LoLsL Ly =

2nfozg

[26%(H 1 + Hs) — b(N + 10)H3 — 4H,4] . (B.31)
It is straightforward to incorporate these contributions into eq. (B.27) in the same manner.
We can also check this result® using the identity Sp(2) = SU(2); setting N = 2 and
b=11in eq. (B.31) and using eq. (B.33) we find agreement with the result of setting N = 2
and using eq. (B.33) in eq. (B.37).
Remarkably, the all S-functions for the Sp(/N) case (including S, 3.) together with ~,,
can be derived from the corresponding SO(N) versions by a series of simple substitutions:

1
b— =b
2
N — —N
Qg — —Qg
Qe — — 0
V3 — —Us
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